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Abstract
The different forms of the Hamiltonian formulations of linearized General Relativity/spin-2 the-
ories are discussed in order to show their similarities and differences. It is demonstrated that in
the linear model, non-covariant modifications to the initial covariant Lagrangian (similar to those
modifications used in full gravity) are in fact unnecessary. The Hamiltonians and the constraints
are different in these two formulations but the structure of the constraint algebra and the gauge
invariance derived from it are the same. It is shown that these equivalent Hamiltonian formulations
are related to each other by a canonical transformation which is explicitly given. The relevance of
these results to the full theory of General Relativity is briefly discussed.
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I. INTRODUCTION
Linearized Gravity is discussed in all books on General Relativity (GR) and its Hamilto-
nian analysis is the subject of many articles, for example [1–9]. However, we want to explore
this subject again for three reasons. First of all, there are different Hamiltonian formulations
of linearized GR but the relation among them has not been analyzed. As well, there also
exist some points which are not discussed in the literature that should raise questions from
outsiders to the field. Clarifying these points is our first, mainly pedagogical, goal. The
second reason for our analysis is to understand the role that the linear approximation plays
as a guide for the analysis of the full theory of GR. Finally, the third reason is to closely
examine some customs in the Hamiltonian formulation of full GR involving simplifications,
a priori assumptions, and construction of expected results rather than performing direct
calculations on the unmodified model. Investigating the linear approximation can perhaps
provide insight on such assumptions and/or constructions used in the full theory of GR.
The Hamiltonian formulation of linearized GR can be approached from two quite different
directions. One originates from the well-known relation of linearized GR to spin-2 theory.
For the purpose of this article we use term “spin-2” as a short name for the gauge theory
of the massless non-interacting symmetric second rank tensor field [10]. Another direction
is to start from the Einstein-Hilbert action and linearize it. Both approaches produce the
same result if one chooses certain values of parameters appearing in the most general spin-
2 Lagrangian. In addition to these approaches, we also consider the modified Lagrangian
which is the linearized version of the Dirac Lagrangian [11]. Actually, the latter Lagrangian
is more popular in the literature, however the need for such a modification as well as a
comparison with results obtained before any modification have not been analyzed.
II. LAGRANGIAN DENSITIES
A. Spin-2
We start from the action of a spin-2 field hαβ = hβα that can be built out of scalars which
are quadratic in the derivatives hαβ,γ. Such a method was proposed by Feynman, which can
be found in [12] (and also in Appendix A of [3]). The analysis shows that out of all possible
combinations, there are only five distinct terms which are quadratic in derivatives. This can
be presented in the following form:
L =
1
4
hαβ,γhµν,ρ
[
c1η
αβηµνηγρ + c2η
αµηβνηγρ + c3η
αγηβνηµρ + c4η
αρηβνηγµ + c5η
αβηγµηνρ
]
,
(1)
where ηαβ = diag(−+++ ...) is the Minkowski tensor. Greek letters are used for spacetime
indices (α = 0, 1, 2, 3, ...).
The requirement that the field equations of (1) should be invariant under the following
gauge transformation
hαβ → hαβ − ξα,β − ξβ,α (2)
puts severe restrictions on the parameters ci,
c1 = −c2 = 1, c3 + c4 = −c5 = 2. (3)
Consequently, except for an overall scaling factor of 1
4
, we have a one parameter family of
Lagrangians. Note that the difference between the two terms in (1) proportional to c3 and
c4 is a total divergence in the Minkowski space, e.g.
hαβ,ρhµν,γ = hαβ,γhµν,ρ + ∂ρ (hαβhµν,γ)− ∂γ (hαβhµν,ρ) . (4)
B. Linear approximation of GR
We can start from the Einstein-Hilbert (EH) Lagrangian
LEH =
√−gR. (5)
Alternatively, by dropping a total divergence in the expression (5), and only considering the
“gamma-gamma” part of LEH , one obtains [13, 14]
LΓΓ =
√−ggαβ (ΓµανΓνβµ − ΓναβΓµνµ) = 14√−gBαβγµνρgαβ,γgµν,ρ , (6)
where
Bαβγµνρ = gαβgγρgµν − gαµgβνgγρ + 2gαρgβνgγµ − 2gαβgγµgνρ. (7)
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We perform linearization around Minkowski space: gαβ = ηαβ + hαβ . To preserve the
property of the metric tensor: gαβg
αγ = δγβ in linear approximation, the contravariant tensor
gµν should be chosen as: gµν = ηµν−hµν . Substituting the linear approximation of the metric
tensor into (5), keeping only terms quadratic in the derivatives of hαβ,γ , and disregarding a
total divergence, we obtain
Llin =
1
4
hαβ,γhµν,ρ
(
ηαβηγρηµν − ηαµηβνηγρ + 2ηαρηβνηγµ − 2ηαβηγµηνρ) . (8)
Another approach to the linearization of GR, the most straightforward, is to use LΓΓ (6),
applying the simple rules
gαβ → ηαβ, √−g → 1, gαβ,γ → hαβ,γ , (9)
which immediately gives the Lagrangian of (1) with parameters satisfying (3) and c3 = 0.
These terms directly follow from the EH action and after linearization (in this order only)
we can do an integration by parts with two terms. The terms c3hαβ,γhµν,ρη
αγηβνηµρ and
c4hαβ,γhµν,ρη
αρηβνηµγ are equivalent up to a surface term, as in 4), but this cannot be
generalized to the corresponding terms in full GR, e.g. for c3
√−ggαβ,γgµν,ρgαγgβνgµρ and
c4
√−ggαβ,γgµν,ρgαρgβνgµγ.
C. Modifications
In the literature on the Hamiltonian formulation of linearized GR, one can initial La-
grangians with c3 = 0 (e.g. [7]) or c4 = 0 (e.g. [4]). It is perfectly correct to consider both
cases for spin-2/linear approximation of GR but it is not clear why it is necessary to per-
form an additional integration by parts to set c4 = 0 since direct linearization gives c3 = 0.
Moreover, the reason for requiring further modification of the covariant Lagrangian and to
present it in a non-covariant form “up to total space and time derivatives” [1] or make “some
rearrangements” [7] is not given. Of course, it is not difficult to restore these integrations
once we know the final result. However, there is no justification for converting a covariant
action into non-covariant form before starting the Hamiltonian procedure. In particular, it
is not apparent at all why one would do this in the Hamiltonian formulation of linearized
GR/spin-2. Here we can only guess answers to the above questions. This non-covariant
modification of the action is likely related to Dirac’s work on the Hamiltonian formulation
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of full GR [11] which came before the Hamiltonian formulation of the weak approximation
appeared in the literature. Dirac explained that the reason for this modification is to sim-
plify the primary constraints. However, he warned that these simplifications “force one to
abandon the four-dimensional symmetry”. This change in the Lagrangian occurs in equation
(15) of [11]:
LΓΓ → L∗ΓΓ = LΓΓ −
[(√−gg00)
,k
gk0
g00
]
,0
+
[(√−gg00)
,0
gk0
g00
]
,k
. (10)
Note that here and everywhere we have chosen the opposite sign to Dirac because we use
the definition of L in [13, 14]. (Here Latin letters stand for space indices (k = 1, 2, 3, ...) and
“0” for the time index).
The last two non-covariant terms in (10) do not affect the equations of motion and
simplify the primary constraints (see the next Section) because they eliminate terms linear
in the velocities g0µ,0. In the linearized case (which can be obtained by linearization of (10)
or by linearization of the general result of Dirac’s (see equation (17) of [11]) these two terms
become
L∗ΓΓ−LΓΓ =
1
2
η00
[
h00,0hm0,kη
mkη00 − hpq,0hm0,kηpqηmk − hm0,0h00,kηmkη00 + hm0,0hpq,kηpqηmk
]
=
1
2
[
h00,0h
k
0,k + h
p
p,0h
k
0,k − hk0,0h00,k − hk0,0hpp,k
]
. (11)
Equation (11) in combination with LΓΓ leads to a cancellation of some terms that are
linear in the velocities, and results in Dirac’s Lagrangian as used in [1, 7]
LDirac(lin) =
1
4
h
pq
,0hpq,0 −
1
4
h
p
p,0h
q
q,0 + h
p
p,0h
k
0,k − hpk,0h0p,k +
1
2
h00,k
(
hkp,p − ηkphqq,p
)
+ (12)
1
2
h
p
0,kh
,k
0p −
1
2
h
p
0,kh
k
0,p +
1
4
h
p
p,kh
q,k
q −
1
4
h
pq
,kh
,k
pq +
1
2
h
pq
,kh
k
p,q −
1
2
h
pk
,kh
q
q,p.
Later we will demonstrate explicitly that it is not necessary to make this non-covariant
modification in the Hamiltonian formulation of linearized gravity. Then the relevant discus-
sion about the necessity of this modification for full GR will be presented in Discussion.
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III. HAMILTONIAN
A. Non-covariant case
The method used here was developed by Dirac [15] and below we briefly summarize the
main steps of his procedure. Introducing the momenta conjugate to hµν :
pµν =
δLDirac(lin)
δhµν,0
(13)
gives the primary constraints
φ0µ = p0µ ≈ 0, (14)
and an equation for pkn
pkn =
1
2
ηknhp,0p −
1
2
hkn,0 +
1
2
hk0,n +
1
2
hn0,k − ηknhp0,p . (15)
Solving (15) for the velocities gives
hkn,0 = 2pkn − 2
d− 2ηknp
m
m + h0k,n + h0n,k. (16)
The factor of (d−2) (where d is the dimension of spacetime) appearing in the denominator
reflects the fact that (15) cannot be solved for a velocity when d = 2. The treatment of
two-dimensional linearized gravity is given separately in the following Subsection.
Substituting velocities from (16) into the Lagrangian (12), we obtain the canonical Hamil-
tonian
Hc(Dirac) = p
knh˙kn − Llin = pknpnk −
1
d− 2p
k
kp
n
n + 2p
nkhk0,n − 1
2
h00,k
(
hkp,p − ηkphqq,p
)
− 1
4
h
p
p,kh
q,k
q +
1
4
h
pq
,kh
,k
pq −
1
2
h
pq
,k h
k
p,q +
1
2
h
pk
,kh
q
q,p (17)
and the total Hamiltonian
HT (Dirac) = Hc(Dirac) + h˙0µφ
0µ. (18)
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Direct calculation of the Hamiltonian (17) results in two additional terms, hp0,kh
k
0,p and
−hp0,phk0,k, but since these two terms can be expressed as a total derivative, we do not include
them in the Hamiltonian.
With the fundamental Poisson brackets (PB) defined as1
{hαβ (x) , pµν (x′)} = 1
2
(
δµαδ
ν
β + δ
ν
αδ
µ
β
)
δd−1 (x− x′) ≡ ∆µναβδd−1 (x− x′) , (19)
the conservation in time of primary (14) constraints leads to the secondary constraints
φ˙00 =
{
φ00, HT
}
=
1
2
(
h
k,n
k,n − hk,nn,k
)
≡ χ00, (20)
φ˙0n =
{
φ0n, HT
}
= pnk,k ≡ χ0n. (21)
All constraints have vanishing PB among themselves, so all of them are first class (FC)
at this stage of the Dirac procedure. To verify the closure of the Dirac procedure we have to
consider the time development of the secondary constraints to check whether they produce
any new constraints. We find
χ˙00 =
{
χ00, HT
}
= −χ0k,k, χ˙0n =
{
χ0n, HT
}
= 0, (22)
so, no new constraints appear and the Dirac procedure closes with 2d FC constraints (d > 2).
Counting the degrees of freedom gives, for example, in the d = 4 case: 10 (variables hµν)−
8 (FC constraints) = 2, as is expected for the massless spin-2 system.
Now, from our knowledge of the FC constraints, we can find the gauge transformations
by using the procedure of Castellani [16]. The gauge generators are of the form:
G(0) = −χ00 +
∫ (
αφ00 + αnφ
0n
)
dd−1x, (23)
Gn(0) = −χ0n +
∫ (
βnφ00 + βφ0n
)
dd−1x.
The coefficients α, αn and β, β
n can be found from the conditions [16]:
G˙(0) =
{
G(0), H
}
= χ0n,n + αχ
00 + αnχ
0n = 0 ⇒ α = 0, αn = −∂n,
1 We will omit δd−1 (x− x′) in further calculations.
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G˙n(0) =
{
Gn(0), H
}
= 0 + βnχ00 + βχ0n = 0 ⇒ βn = β = 0. (24)
The total gauge generator is
G (εγ, ε˙γ) =
∫
dd−1x
(
ε0G(0) + ε˙0φ
00 + εnG
n
(0) + ε˙nφ
0n
)
=∫
dd−1x
(−ε0χ00 − ε0φ0n,n + ε˙0φ00 − εnχ0n + ε˙nφ0n) , (25)
where εµ is the gauge parameter. It is easy to show that the PB of two generators is zero
since PBs among all FC constraints are zero. Now we can find the gauge transformations of
the canonical variables hµν and p
µν :
δhµν = {G (εγ, ε˙γ) , hµν} = −1
2
(εµ,ν + εν,µ) , (26)
δp00 = δp0k = 0, δpkn =
1
2
(
ηknε
,p
0,p − ε ,kn0
)
, (27)
which give δχ0n = δpkn,k = 0 and δχ
00 = 0. It is straightforward to verify that these
gauge transformations keep the Lagrangian invariant up to a total derivative. Note that the
final expression (26) has four-dimensional (or d−dimensional, in general) symmetry and
Dirac’s statement about “abandoning four-dimensional symmetry” is restricted to only his
modification of the Lagrangian which initially possesses this four-dimensional symmetry.
When d = 2, Dirac’s modified Lagrangian LDirac(lin) vanishes, so we can say that the
theory is meaningless in two dimensions or, using the words of Jackiw, “it cannot even be
formulated” [17]. However, from the fact that the modified Lagrangian is zero, it does not
follow that the EH Lagrangian is meaningless in two dimensions. It follows that the non-
covariant modification of (10) should not be performed because it eliminates the essential
contributions to the original Lagrangian. In contrast, if we do not modify the Lagrangian,
then the Hamiltonian analysis gives consistent results in both the linearized (see the next
Subsection) and the non-linearized two-dimensional cases [18, 19].
B. Covariant case
We redo the Hamiltonian formulation for the massless spin-2 field, but now use the
covariant form (1) subject to the conditions (3). To be able to compare our results with the
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results of others and to see what effects (if any) the presence of a free parameter produces,
we perform our calculations using the most general covariant Lagrangian:
L =
1
4
hαβ,γhµν,ρ
[
ηαβηµνηγρ − ηαµηβνηγρ + c3ηαγηβνηµρ + c4ηαρηβνηγµ − 2ηαβηγµηνρ
]
(28)
keeping the relation c3 + c4 = 2.
Introducing momenta conjugate to hµν :
πµν =
δL
δhµν,0
(29)
gives the primary constraints
φ00 = π00 − 1
2
(1− c3)h0k,k, (30)
φ0n = π0n +
c3
4
hnk,k −
1
4
h
k,n
k +
c3 − 1
4
h00,n. (31)
In the covariant case the maximum simplification of the primary constraints follows from
setting c3 = 1, so that one constraint becomes π
00 ≈ 0. However, we cannot do this in the
full GR Lagrangian without destroying the symmetry of d−dimensional spacetime.
From πkn = δL
δhkn,0
one obtains
πkn =
1
4
(
2ηknhp,0p − 2hkn,0 + c4
(
hk0,n + hn0,k
)− 2ηknhp0,p) . (32)
Solving (32) for the velocities gives the following equation
hkn,0 = 2πkn − 2
d− 2ηknπ
p
p +
1
d− 2 (1− c4) ηknh
p
0,p +
c4
2
(h0k,n + h0n,k) . (33)
Once again, the factor (d − 2) appears in the denominator of some of the terms in the
right-hand side of (33) for the same reason as in the previous Subsection.
Substituting the velocities from (33) into the Lagrangian (28) one obtains the canonical
Hamiltonian
Hc = π
knh˙kn − L = πknπnk −
1
d− 2π
k
kπ
n
n − c4πnkh0k,n −
1− c4
d− 2 π
k
kh
0n
,n+
9
[
1− c4
4
− (1− c4)
2
4 (d− 2)
]
h0k,kh
0n
,n +
(
(c4)
2
8
+
c4
4
)
h0k,nh
0n
,k +
(
(c4)
2
8
− 1
2
)
h0k,nh
0,n
k + (34)
1
2
h
,n
00
(
hkk,n − hkn,k
)− 1
4
hnn,kh
p,k
p +
1
4
hnp,kh
p,k
n −
c3
4
h ,npn h
kp
,k −
c4
4
hp,kn h
,n
pk +
1
2
h
p
p,kh
nk
,n
and the total Hamiltonian
HT = Hc + h˙0µφ
0µ. (35)
Setting c3 = 0 and c4 = 2 in (34) leaves us with a couple more terms than in the
non-covariant case of (17), more specifically:
Hc(covariant, c3=0) −Hc(Dirac) =
1
d− 2π
k
kh
0n
,n −
1
4
(
1
d− 2 − 3
)
h0k,kh
0n
,n
where a total derivative has again been omitted.
With the fundamental PB defined as
{hαβ , πµν} = ∆µναβ ,
the conservation of primary constraints in time gives the secondary constraints
φ˙00 =
{
φ00, HT
}
=
1
2
(
h
k,n
k,n − hk,nn,k
)
≡ χ00, (36)
φ˙0n =
{
φ0n, HT
}
= πnk,k +
c4
4
h
k,n
0,k −
c3
4
h
n,k
0,k ≡ χ0n. (37)
Note that in the covariant case, even for linearized gravity, χ0n depends on the spatial
derivatives of h0k.
All constraints have zero PBs among themselves, so all of them are first class (FC) at
this stage of the Dirac procedure. It is easy to verify that no new constraints appear:
χ˙00 =
{
χ00, HT
}
= −χ0k,k, χ˙0n =
{
χ0n, HT
}
= 0. (38)
Despite the difference in the expressions of the primary and secondary constraints, the
constraint structure and the number of degrees of freedom are the same as in the non-
covariant case (22).
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From the FC constraint structure, we can once again find the gauge transformations using
the Castellani procedure, described in the previous Subsection.
The total gauge generator can be calculated as in (25), except that the constraints are now
given by (30), (31), (36), and (37). Nevertheless, it produces the same gauge transformations
for hµν
δhµν = {G (εγ, ε˙γ) , hµν} = −1
2
(εµ,ν + εν,µ)
while for πµν it gives
δπ00 =
c3 − c4
8
(
ε
,n
0,n + ε
,n
n,0
)
, δπ0k =
c3 − c4
8
ε
,0k
0 +
c4
8
εn,k,n −
c3
8
εk,n,n , (39)
δπkn =
1
4
ηknε
,p
0,p −
1
4
ηknε
,p
p,0 −
c4
4
ε
,kn
0 +
c3
8
(
ε
k,n
,0 + ε
n,k
,0
)
.
It is straightforward to verify that these gauge transformations, as in the non-covariant
case, leave all constraints unchanged and the Lagrangian invariant up to a total derivative:
δL =
1
4
[
∂α
(
(c3ε
γ,α − c4εα,γ) h ,µµγ
)− ∂µ ((c3εγ,α − c4εα,γ) hγµ,α)] .
When d = 2, the original Lagrangian of (28) is drastically simplified (note, if c4 = 2, this
Lagrangian can be obtained from the two-dimensional Lagrangian given in [18] by applying
the substitution of (9) to LΓΓ):
L2d =
c3 − c4
4
(h11,1h01,0 − h01,1h11,0 + h00,1h01,0 − h01,1h00,0) . (40)
This expression is linear in the velocities, so no velocity can be eliminated using the equa-
tions of motion. The momenta conjugate to h00, h11, and h01 give three primary constraints:
φ00 = π00 +
c3 − c4
4
h01,1 , φ
11 = π11 +
c3 − c4
4
h01,1 , (41)
φ01 = π01 − c3 − c4
4
(h11,1 + h00,1) .
The PBs among these constraints are all zero, and their time development does not
produce any new constraints. Therefore the Dirac procedure closes with three FC primary
constraints, so that there are zero degrees of freedom when d = 2. The canonical Hamiltonian
is zero and the total Hamiltonian is then just a linear combination of primary constraints:
11
HT = h˙µνφ
µν . (42)
The gauge generator is simplified as well
G =
∫
dx
(
ε00φ
00 + 2ε01φ
01 + ε11φ
11
)
, (43)
which results in the following gauge transformations of the canonical variables
δhµν = −εµν , (44)
δπ00 = δπ11 = −c4 − c3
2
ε01,1 , δπ
01 =
c4 − c3
4
(ε00,1 + ε11,1) . (45)
One should note that the gauge transformations of hµν for d = 2 are exactly the same
as were obtained for the full (not linearized) “gamma-gamma” part of the EH Lagrangian
in [18] and for the full EH Lagrangian using the Ostrogradsky procedure in [19]. These
gauge transformations are consistent with the triviality of the Einstein equations in two
dimensions. (In [18] it is pointed out that in gauge in which g01 6= 0, the EH action when
d = 2 leads to the meaningful Hamiltonian formulation).
The gauge transformations for hµν in (44) leave the Lagrangian invariant up to a total
derivative, which can be cast in a covariant form
δL2d =
c3 − c4
4
ǫαβǫγρηµν∂β (hγµερν,α)
where ǫαβ = −ǫβα.
It is easy to check that δφµν = 0 and δHT = 0 under these gauge transformations.
We note that if c3 = c4 = 1, then the Lagrangian (40) is zero, and therefore in this case
there is no Hamiltonian formulation. These values of c3 and c4 are only possible in linearized
GR. The full GR in covariant form requires c3 = 0 and c4 = 2 as was mentioned above.
IV. EQUIVALENCE
The equivalence of different formulations of linearized GR/spin-2 considered in previous
sections can be discussed for the Lagrangians and the corresponding Hamiltonians. At the
Lagrangian level this equivalence is quite obvious because the parameters of the covariant
12
spin-2 Lagrangian (1) were found from the condition of invariance given in (2) and two terms
proportional to c3 and c4 are equivalent up to total divergences of (4) and do not affect the
equations of motion. Dirac’s non-covariant modifications make (10) differ from (8) by non-
covariant integrations, however, the Dirac Lagrangian also leads to the same equations of
motion. We thus can conclude that both Lagrangians are equivalent.
The demonstration of equivalence for the Hamiltonian formulations in the covariant and
modified by Dirac cases is a little bit more involved and worth discussing in some detail. We
have found, that despite having different primary and secondary constraints and different
expressions for the canonical Hamiltonians, the PBs among the constraints and constraints
with the Hamiltonian have the same structure for both formulations (see (22), (38)). The
Castellani procedure also leads to the same gauge transformations.
From ordinary classical mechanics [20] it is known that performing canonical transforma-
tions from one set of variables to another leads to equivalent Hamiltonian formulations. Let
us try to find such transformations between the covariant (h, π) variables and the (h, p) of
Dirac’s formulation. The change of the momenta p0µ is quite obvious
p00 = π00 − 1− c3
2
h0k,k, (46)
p0n = π0n +
c3
4
hnk,k −
1
4
h
k,n
k +
c3 − 1
4
h00,n. (47)
For the space-space components of the momenta one can try to obtain such relations by com-
paring expressions for the corresponding velocities ((16) and (33)) in the two formulations
which gives
pnk = πnk +
c3
4
(
hk0,n + h0n,k
)− 1
2
ηknhp0,p. (48)
Generalized coordinates are treated in the same way in both formulations, so we have the
following transformations
pαβ = pαβ (πµν , hµν) , hαβ = hαβ. (49)
To check whether the change of variables is canonical, one has to verify that the following
PBs are satisfied [20]
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{
hµν , p
αβ
}
p,h
=
{
hµν , p
αβ (πµν , hµν)
}
pi,h
= ∆αβµν , (50)
{
pαβ, pµν
}
p,h
=
{
pαβ, pµν
}
pi,h
= 0 (51)
and
{hαβ , hµν}p,h = {hαβ , hµν}pi,h = 0. (52)
Equation (52) is obviously satisfied by (49), and equations (50) and (51) can be shown
to be satisfied after a short calculation. For Hamiltonian formulations of non-singular La-
grangians demonstrating (50)-(52) would be enough to prove that the two Hamiltonians are
equivalent. For singular models, this is only a necessary condition. To show equivalence
for the case of two Hamiltonian formulations of a gauge invariant Lagrangian, we must also
demonstrate that the whole algebra of constraints is preserved because the whole algebra
is needed to find the generator of gauge transformations. Let us check this requirement
and substitute the inverse of (49), παβ = παβ (pµν , hµν), into the total Hamiltonian in the
covariant formulation of (35)
HT
(
παβ, hαβ; c3, c4
)
= h˙0µφ
0µ +Hc
(
πkm, hαβ; c3, c4
)
=
h˙0µp
0µ + pknp
n
k −
1
d− 2p
k
kp
n
n + 2p
nkhk0,n − 1
2
h00,k
(
hkp,p − ηkphqq,p
)
− 1
4
h
p
p,kh
q,k
q +
1
4
h
pq
,kh
,k
pq −
c3
4
h ,qpq h
kp
,k −
c4
4
h
pq
,k h
k
p,q +
1
2
h
pk
,kh
q
q,p . (53)
With c3 = 0 (c4 = 2) we recover the Hamiltonian of Dirac (18) that was obtained by the
non-covariant modification of the Lagrangian for linearized GR. In fact, according to (53),
similar modifications in the linearized GR/spin-2 case can be made for all possible values
of parameters satisfying c3 + c4 = 2. Hence, the Hamiltonian formulations that generate
the same gauge transformations are related by canonical transformations that also preserve
the whole algebra of constraints, although the expressions of the constraints themselves do
change.
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We will now briefly comment on similar relations when d = 2. In this case, we consider
the following change of variables, using (41),
p00 = π00 +
c3 − c4
4
h01,1 , p
11 = π11 +
c3 − c4
4
h01,1 , p
01 = π01 − c3 − c4
4
(h11,1 + h00,1) .
(54)
which satisfy the conditions (50)-(52). Substitution of (54) into (42) gives
HT = h˙00p
00 + 2h˙01p
01 + h˙11p
11. (55)
We see that using the Castellani procedure, one finds the same gauge transformations
as in (44). Keeping the two-dimensional Lagrangian (40) as it is and performing canonical
transformations at the Hamiltonian level gives another consistent Hamiltonian formulation
of linearized GR when d = 2 (with simple constraints). This is different from the case where
Dirac’s modifications were performed at the Lagrangian level and led to the disappearance
of the Lagrangian in two dimensions. One may say that two-dimensional GR makes no sense
and that discussing its Hamiltonian formulation without modifications of the Lagrangian is
meaningless [17]. However, exactly the opposite is correct and without non-covariant modi-
fications of the Lagrangian we have meaningful Hamiltonian formulation of two-dimensional
GR.
In the covariant case we have one set of parameter values (c3 = c4 = 1) that also leads
to complete disappearance of the Lagrangian, but we can pick these values only in the
linearized EH action. For full GR only one value is permissible, c4 = 2, if one is to keep the
invariance of the action under general coordinate transformations.
A possible objection against our result for the Hamiltonian formulation of two-
dimensional GR is that it does not produce the “expected” gauge invariance, diffeomorphism.
However, when d = 2 it is not possible to obtain diffeomorphism as a gauge symmetry using
the Dirac procedure. This conclusion can be drawn from a simple consideration: to construct
the diffeomorphism transformation of gαβ, using, for example, the Castellani procedure, one
needs d primary and d secondary FC constraints. In two dimensions this gives four FC
constraints. However, when d = 2, a metric tensor has only three independent components
and counting the degrees of freedom leads to minus one, meaning that the system is over-
constrained, and non-physical. We assert that the effects of non-covariant modifications of
15
the EH Lagrangian as well as canonical transformations among different sets of variables
used in the Hamiltonian formulations of GR should be investigated.
V. DISCUSSION
To draw conclusions about the relevance of linearized GR/spin-2 to the full theory, we
compare the Hamiltonian formulation given in this paper with the Hamiltonian formulations
of full GR for both cases: covariant and with Dirac’s modifications. In [21] we presented the
complete Hamiltonian analysis, including the restoration of gauge invariance, of the EH ac-
tion for full GR without any modifications or change of variables. (This analysis was started
in 1952 by Pirani, Schild and Skinner (PSS) in [22] but had never been completed before.)
In [23] similar analysis was carried out for the Dirac Lagrangian of [11]. In both formulations
(PSS and Dirac) despite having a different form for the constraints and Hamiltonians, the
algebra of constraints remains the same and the generators of the gauge transformations
built from the first class constraints produce the diffeomorphism transformation of the met-
ric tensor. Moreover, in [24] we showed that these two formulations (PSS and Dirac) are
related to each other by a canonical transformation, in contrast to the ADM formulation
[25] which is not related to either by any canonical transformation (for the proof see Sec. 4
of [23]).
We can point out some similarities in the Hamiltonian analysis for the full and linearized
EH action with the metric tensor as a fundamental variable: the number of constraints, their
algebra, and the gauge transformations of the metric tensor are in exact correspondence.
It is possible to show that the linearization of the constraints in the Dirac formulation [23]
produces exactly the expressions (30), (31), (36), (37), and linearization of the covariant
case [21] produces exactly (14), (20), (21). Time development of the secondary first class
constraints gives (38) and (22) upon linearization in both cases. Finally, linearization of the
gauge transformation of the metric tensor leads to (26)2.
We would like to note that we were not able to compare the full ADM formulation
2 In making the comparison, one has to take into account that Dirac in [11] used the convention
{pµν (x) , hαβ (x′)} = 12
(
δµαδ
ν
β + δ
ν
αδ
µ
β
)
δ3 (x− x′) which differs from (19) and will give an opposite sign,
for example in constraints, if the constraints of the Dirac formulation of [11] are linearized (see [23] for
details). Note that in [24] we employ the convention (19) in both formulations (Dirac’s and PSS).
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[25] which is based on a change of variables (from the components g0µ to the lapse and
shifts functions) with its linearized version as it is not clear how linearization of the lapse
N = (−g00)−1/2 and shift N i = − g0i
g00
can even be performed (in [26] the linearized version of
GR was discussed using the metric tensor, not the ADM variables). In addition, the ADM
formulation (the only one in which a restoration of gauge invariance from the complete
set of first class constraints has even been considered before) does not lead to the expected
diffeomorphism invariance as was recently demonstrated in [27] using the method [28], which
differs from Castellani’s. The derivation of [27] is the most complete one in the literature
but it is not new; the gauge transformations of the ADM variables have been discussed
in part previously in [29] and [16]. The gauge transformations that follow from the ADM
formulation can be presented in the form of diffeomorphism only if field-dependent and
non-covariant redefinitions of the gauge parameters are performed
ξ0diff =
(−g00)1/2 ε⊥ADM , ξkdiff = εkADM + g0kg00 (−g00)1/2 ε⊥ADM , (56)
which, according to [27], “demonstrate the unity of the different symmetries involved”.
The transformations of [27] are consistent with the transformations obtained in [30] using
the Lagrangian approach of [31]. However, as we have already pointed out in [32], the
field-dependent redefinition of gauge parameters contradicts to the essence of all known
algorithms for the restoration of gauge invariance, as all of them start from the assumption
that the gauge parameters should be independent of fields (for details see [32]). Nevertheless,
it would be interesting to know whether the linearized ADM gravity could produce the
linearized version of the gauge transformations in [27] and [30], and how (56) would look in
the linearized case.
Almost immediately after the appearance of [27] with ADM gravity, the restoration of
gauge transformations in GR was considered by Samanta [33] using the Lagrangian approach
of [31]. This method indeed leads to the diffeomorphism invariance when the metric or metric
and affine connection (for the first-order formulation) are used as the fundamental variables
and no non-canonical transformations are performed. We also confirmed in [32] that in the
Hamiltonian formulation of the first-order, affine-metric, GR the diffeomorphism symmetry
is generated by the first class constraints.
We now would like to note, that despite the similarities of the Hamiltonian formulations
of linearized and full GR, there are fundamental differences between them. In particular, the
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Hamiltonian of full GR is proportional to secondary constraints [11, 21, 23], the algebra of the
secondary constraints has field-dependent structure functions, and the equations of motion
are invariant under diffeomorphism transformation only “on-shell” [23]. In the linearized case
the Hamiltonian is not a constraint, the algebra of constraints does not depend on fields, and
the equations of motion are invariant exactly under (26). These differences might be crucial
when one tries to project results obtained for linearized gravity to full GR. Consequently,
using the Hamiltonian formulation of linearized GR as a guide has to be done cautiously.
We would like to conclude our paper with words of Carmeli [14]: “our experience shows
that solutions of the linearized equations may bear little or no relation to solutions of the
rigorous equations”; and later: “One should therefore in no way consider the linearized
theory as being a substitute to the full theory”.
The distinction between full and linearized GR is under our current investigation and the
results will be reported elsewhere.
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